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One of the best-known inequalities for convex functions is the following Hermite-Hadamard inequality: If $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} f \biggl( \frac{a+b}{2} \biggr) \leq \frac{1}{b-a} \int_{a}^{b}f ( x )\,dx\leq \frac{f ( a ) +f ( b ) }{2}. \end{aligned}$$ \end{document}$$ The Hermite-Hadamard inequality in ([2](#Equ2){ref-type=""}) has attracted many mathematicians' attention who have presented a variety of generalizations, extensions, and variants, which are called Hermite-Hadamard type inequalities (see, *e.g.*, \[[@CR1]--[@CR4]\] and the references cited therein).

Recently, several Hermite-Hadamard type inequalities associated with fractional integrals have been investigated. Here, we aim to establish several generalized Hermite-Hadamard type integral inequalities for the generalized k-fractional integral operators with respect to another function. The results presented here, being very general, are also pointed out to be specialized to yield some known results. Relevant connections of the various results presented here with those involving relatively simple fractional integral operators are also indicated.

To do this, we recall some definitions and known results. Let $\documentclass[12pt]{minimal}
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                \begin{document}$\Gamma (\alpha )$\end{document}$ is the familiar Gamma function (see, *e.g.*, \[[@CR5]\], Section 1.1). For more details and properties of the fractional integral operators ([3](#Equ3){ref-type=""}) and ([4](#Equ4){ref-type=""}), we refer the reader, for example, to \[[@CR6]--[@CR14]\] and the references therein.
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Raina \[[@CR15]\] introduced a class of functions defined formally by $$\documentclass[12pt]{minimal}
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                \begin{document}$\varphi (t)$\end{document}$ is a function such that the integrals on the right sides exist. Recently, certain new and interesting inequalities involving these fractional operators have appeared in the literature (see, *e.g.*, \[[@CR16]--[@CR20]\]).
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Budak *et al.* \[[@CR21]\] established a new identity involving the fractional integral operators ([8](#Equ8){ref-type=""}) and ([9](#Equ9){ref-type=""}) asserted by the following lemma.

Lemma 1 {#FPar1}
-------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f :[a,b]\to \mathbb{R}$\end{document}$ *be a differentiable mapping on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(a,b)$\end{document}$ *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a< b$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f{'} \in L(a,b)$\end{document}$. *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] &\frac{2^{\lambda -1}}{(b-a)^{\lambda }\mathcal{F}_{\rho ,\lambda +1} ^{\sigma } [w(\frac{b-a}{2})^{\rho }]} \bigl[ \mathcal{J}^{\sigma } _{\rho ,\lambda ,{\frac{a+b}{2}}-;w}f(a)+\mathcal{J}^{\sigma }_{ \rho ,\lambda ,{\frac{a+b}{2}}+;w }f(b) \bigr] -f \biggl( \frac{a+b}{2} \biggr) \\ & \quad = \frac{(b-a)}{4\mathcal{F}_{\rho ,\lambda +1}^{\sigma } [w( \frac{b-a}{2})^{\rho }]} \biggl\{ \int_{0}^{1}t^{\lambda }\mathcal{F} _{\rho ,\lambda +1}^{\sigma } \biggl[w \biggl(\frac{b-a}{2} \biggr)^{\rho }t^{\rho } \biggr] f {'} \biggl( \frac{t}{2}a+\frac{2-t}{2}b \biggr)\,dt \\ & \qquad {}- \int_{0}^{1}t^{\lambda }\mathcal{F}_{\rho ,\lambda +1} ^{\sigma } \biggl[ w \biggl(\frac{b-a}{2} \biggr)^{\rho }t^{\rho } \biggr] f{'} \biggl( \frac{2-t}{2}a+ \frac{t}{2}b \biggr)\,dt \biggr\} . \end{aligned} $$\end{document}$$

We recall the following generalized fractional integral operators (see, *e.g.*, \[[@CR12]\], Section 18.2). Let $\documentclass[12pt]{minimal}
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The Hermite-Hadamard type inequalities in \[[@CR22]\] have been generalized by Tunç *et al.* \[[@CR24]\] who used the generalized k-fractional integral operators ([20](#Equ20){ref-type=""}) and ([21](#Equ21){ref-type=""}), which is recalled in the following theorem.

Theorem 1 {#FPar2}
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Hermite-Hadamard type inequalities for fractional integral operators {#Sec2}
====================================================================
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The Hermite-Hadamard type inequalities for the generalized k-fractional integrals of a function with respect to another function in Theorem [1](#FPar2){ref-type="sec"} can be modified as in the following theorem.

Theorem 2 {#FPar3}
---------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathtt{k},\rho ,\lambda \in \mathbb{R}^{+}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$w \in \mathbb{R}^{+}_{0}$\end{document}$, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sigma (m) \in \mathbb{R}^{+}$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$ \begin{aligned}[b] f \biggl( \frac{a+b}{2} \biggr) \leq {}&\frac{1}{2\mathtt{k} [ \varphi_{\rho , \lambda }^{\sigma ,\mathtt{k},g}(1)+\Phi_{\rho ,\lambda }^{\sigma , \mathtt{k},g}(1) ] } \\ &{} \times \bigl[ \mathcal{J}^{\sigma ,\mathtt{k},g}_{\rho ,\lambda , \frac{a+b}{2}{-};w }F(a) + \mathcal{J}^{\sigma ,\mathtt{k},g}_{\rho , \lambda ,\frac{a+b}{2}{+};w }F(b) \bigr] \leq \frac{f(a)+f(b)}{2}, \end{aligned} $$\end{document}$$ *where* $\documentclass[12pt]{minimal}
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Proof {#FPar4}
-----
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                \begin{document} $$\begin{aligned} 2f \biggl( \frac{a+b}{2} \biggr) \leq f \biggl( \frac{s}{2}a+\frac{2-s}{2}b \biggr) +f \biggl( \frac{2-s}{2}a+ \frac{s}{2}b \biggr) \quad \bigl(s \in [0,1] \bigr). \end{aligned}$$ \end{document}$$

Multiplying both sides of ([37](#Equ37){ref-type=""}) by $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \frac{b-a}{2}\frac{g{'} ( \frac{s}{2}a+\frac{2-s}{2}b ) }{ [ g(b)-g ( \frac{s}{2}a+\frac{2-s}{2}b ) ] ^{1-\frac{ \lambda }{\mathtt{k} }}} \mathcal{F}_{\rho ,\lambda }^{\sigma , \mathtt{k} } \biggl[ w \biggl( g(b)-g \biggl( \frac{s}{2}a+\frac{2-s}{2}b \biggr) \biggr) ^{\rho } \biggr] $$\end{document}$$ and integrating the resulting inequality on $\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] 2\mathtt{k}f \biggl( \frac{a+b}{2} \biggr) \varphi_{\rho ,\lambda }^{ \sigma ,\mathtt{k},g}(1) & \leq \mathcal{J}^{\sigma ,\mathtt{k},g} _{\rho ,\lambda ,\frac{a+b}{2}{+};w }f(b)+\mathcal{J}^{\sigma , \mathtt{k},g}_{\rho ,\lambda ,\frac{a+b}{2}{+};w }\tilde{f}(b) \\ & = \mathcal{J}^{\sigma ,\mathtt{k},g}_{\rho ,\lambda ,\frac{a+b}{2}{+};w }F(b). \end{aligned} $$\end{document}$$

Similarly, multiplying both sides of ([37](#Equ37){ref-type=""}) by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{b-a}{2}\frac{g{'} ( \frac{s}{2}b+\frac{2-s}{2}a ) }{ [ g ( \frac{s}{2}b+\frac{2-s}{2}a ) -g(a) ] ^{1-\frac{ \lambda }{\mathtt{k}}}} \mathcal{F}_{\rho ,\lambda }^{\sigma , \mathtt{k}} \biggl[ w \biggl( g \biggl( \frac{s}{2}b+\frac{2-s}{2}a \biggr) -g(a) \biggr) ^{\rho } \biggr] $$\end{document}$$ and integrating the resulting inequality on $\documentclass[12pt]{minimal}
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                \begin{document}$[0,1]$\end{document}$ with respect to *s*, with the aid of ([18](#Equ18){ref-type=""}), ([19](#Equ19){ref-type=""}), ([20](#Equ20){ref-type=""}), ([27](#Equ27){ref-type=""}), ([28](#Equ28){ref-type=""}), and ([34](#Equ34){ref-type=""}), we get $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] 2\mathtt{k}f \biggl( \frac{a+b}{2} \biggr) \Phi_{\rho ,\lambda }^{\sigma , \mathtt{k},g}(1) &\leq \mathcal{J}^{\sigma ,\mathtt{k},g}_{\rho , \lambda ,\frac{a+b}{2}{-};w }f(a)+ \mathcal{J}^{\sigma ,\mathtt{k},g} _{\rho ,\lambda ,\frac{a+b}{2}{-};w }\tilde{f}(a) \\ &=\mathcal{J}^{ \sigma ,\mathtt{k},g}_{\rho ,\lambda ,\frac{a+b}{2}{-};w }F(a). \end{aligned} $$\end{document}$$

From ([38](#Equ38){ref-type=""}) and ([39](#Equ39){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& 2\mathtt{k} f \biggl( \frac{a+b}{2} \biggr) \bigl[ \varphi_{\rho ,\lambda }^{\sigma ,\mathtt{k},g}(1)+ \Phi_{\rho ,\lambda }^{\sigma ,\mathtt{k},g}(1) \bigr] \\& \quad \leq \mathcal{J}^{\sigma ,\mathtt{k},g}_{\rho ,\lambda , \frac{a+b}{2}{-};w }F(a)+ \mathcal{J}^{\sigma ,\mathtt{k},g}_{\rho , \lambda ,\frac{a+b}{2}{+};w }F(b), \end{aligned}$$ \end{document}$$ which proves the first inequality in ([35](#Equ35){ref-type=""}).

To prove the second inequality in ([35](#Equ35){ref-type=""}), using the convexity of *f* on $\documentclass[12pt]{minimal}
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                \begin{document}$$ f \biggl( \frac{s}{2}a+\frac{2-s}{2}b \biggr) \leq \frac{s}{2} f(a)+ \frac{2-s}{2}f(b) \quad \bigl(s \in [0,1] \bigr) $$\end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document}$$ f \biggl( \frac{s}{2}b+\frac{2-s}{2}a \biggr) \leq \frac{s}{2}f(b)+ \frac{2-s}{2}f(a)\quad \bigl(s \in [0,1] \bigr). $$\end{document}$$ By adding these inequalities, we get $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& f \biggl( \frac{s}{2}a+\frac{2-s}{2}b \biggr) +f \biggl( \frac{2-s}{2}a+ \frac{s}{2}b \biggr) \leq f(a)+f(b) \quad \bigl(s \in [0,1] \bigr). \end{aligned}$$ \end{document}$$ Multiplying both sides of ([40](#Equ40){ref-type=""}) by $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \frac{b-a}{2}\frac{g{'} ( \frac{s}{2}a+\frac{2-s}{2}b ) }{ [ g(b)-g ( \frac{s}{2}a+\frac{2-s}{2}b ) ] ^{1-\frac{ \lambda }{\mathtt{k}}}} \mathcal{F}_{\rho ,\lambda }^{\sigma , \mathtt{k}} \biggl[ w \biggl( g(b)-g \biggl( \frac{s}{2}a+\frac{2-s}{2}b \biggr) \biggr) ^{\rho } \biggr] $$\end{document}$$ and integrating the resulting inequality on $\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] \mathcal{J}^{\sigma ,\mathtt{k},g}_{\rho ,\lambda ,\frac{a+b}{2}{+};w }f(b)+ \mathcal{J}^{\sigma ,\mathtt{k},g}_{\rho ,\lambda , \frac{a+b}{2}{+};w }\tilde{f}(b) &=\mathcal{J}^{\sigma ,\mathtt{k},g} _{\rho ,\lambda ,\frac{a+b}{2}{+};w }F(b) \\ &\leq \mathtt{k} \varphi_{\rho ,\lambda }^{\sigma ,\mathtt{k},g}(1) \bigl( f(a)+f(b) \bigr) . \end{aligned} $$\end{document}$$ Similarly, multiplying both sides of ([40](#Equ40){ref-type=""}) by $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \frac{b-a}{2}\frac{g{'} ( \frac{s}{2}b+\frac{2-s}{2}a ) }{ [ g ( \frac{s}{2}b+\frac{2-s}{2}a ) -g(a) ] ^{1-\frac{ \lambda }{\mathtt{k}}}} \mathcal{F}_{\rho ,\lambda }^{\sigma , \mathtt{k}} \biggl[ w \biggl( g \biggl( \frac{s}{2}b\frac{2-s}{2}a \biggr) -g(a) \biggr) ^{\rho } \biggr] $$\end{document}$$ and integrating the resulting inequality on $\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] \mathcal{J}^{\sigma ,\mathtt{k},g}_{\rho ,\lambda ,\frac{a+b}{2} ^{-};w }f(a)+ \mathcal{J}^{\sigma ,\mathtt{\mathtt{k}},g}_{\rho , \lambda ,\frac{a+b}{2}{-};w }\tilde{f}(a)& =\mathcal{J}^{\sigma , \mathtt{k},g}_{\rho ,\lambda ,\frac{a+b}{2}{-};w }F(a) \\ & \leq \mathtt{k}\Phi_{\rho ,\lambda }^{\sigma ,\mathtt{k},g}(1) \bigl( f(a)+f(b) \bigr) . \end{aligned} $$\end{document}$$

Adding ([41](#Equ41){ref-type=""}) and ([42](#Equ42){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] & \mathcal{J}^{\sigma ,\mathtt{k},g}_{\rho ,\lambda ,\frac{a+b}{2} {-};w }F(a) +\mathcal{J}^{\sigma ,\mathtt{k},g}_{\rho ,\lambda , \frac{a+b}{2}{+};w }F(b) \\ & \quad \leq \mathtt{k} \bigl[ \varphi_{\rho ,\lambda }^{\sigma , \mathtt{k},g}(1)+ \Phi_{\rho ,\lambda }^{\sigma ,\mathtt{k},g}(1) \bigr] \bigl( f(a)+f(b) \bigr) , \end{aligned} $$\end{document}$$ which proves the second inequality in ([35](#Equ35){ref-type=""}). Hence this completes the proof. □
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                \begin{document}$\mathtt{k}=1$\end{document}$ in Theorem [2](#FPar3){ref-type="sec"}, we get a little simpler inequalities asserted by the following corollary.

Corollary 1 {#FPar5}
-----------
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                \begin{document}$[a,b]$\end{document}$, *then the following Hermite*-*Hadamard type inequalities for the generalized fractional integrals of* *f* *with respect to the function* *g* *on* $\documentclass[12pt]{minimal}
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                \begin{document}$w=0$\end{document}$ in Corollary [1](#FPar5){ref-type="sec"}, we get simpler inequalities in the following corollary, which are a modification of the Hermite-Hadamard inequalities given in \[[@CR22]\].

Corollary 2 {#FPar6}
-----------
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] f \biggl( \frac{a+b}{2} \biggr) & \leq \frac{\Gamma (\alpha +1)}{2 ( [ g(b)-g ( \frac{a+b}{2} ) ] ^{\alpha }+ [ g ( \frac{a+b}{2} ) -g(a) ] ^{\alpha } )} \bigl[ \mathcal{I}_{\frac{a+b}{2}{+};g}^{\alpha }F(b)+ \mathcal{I}_{\frac{a+b}{2}{-};g}^{\alpha }F(a) \bigr] \\ &\leq \frac{f(a)+f(b)}{2}, \end{aligned} $$\end{document}$$ *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F(x)$\end{document}$ *is defined as in* ([28](#Equ28){ref-type=""}).

It is remarked in passing that choosing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g(t)=t$\end{document}$ in Corollary [1](#FPar5){ref-type="sec"} yields the same result as in \[[@CR21]\], Corollary 1.

Main results {#Sec3}
============

We begin by presenting an integral formula involving the functions ([31](#Equ31){ref-type=""}) and ([32](#Equ32){ref-type=""}), which is asserted by the following lemma.

Lemma 2 {#FPar7}
-------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathtt{k},\rho ,\lambda \in \mathbb{R}^{+}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$w \in \mathbb{R}$\end{document}$, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sigma (m) \in \mathbb{R}^{+}$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$( m\in \mathbb{N}_{0} ) $\end{document}$ *be a bounded sequence*. *Also*, *let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g :[a,b] \to \mathbb{R}$\end{document}$ *be an increasing and positive function on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[a,b]$\end{document}$ *having a continuous derivative* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g{'}(x)$\end{document}$ *on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(a,b)$\end{document}$. *Further*, *let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f :[a,b] \to \mathbb{R}$\end{document}$ *be a differentiable mapping on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(a,b)$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(a< b)$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f' \in L[a,b]$\end{document}$. *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] &\frac{1}{2\mathtt{k}} \bigl[ \mathcal{J}^{\sigma ,\mathtt{k},g}_{ \rho ,\lambda ,\frac{a+b}{2}{+};w }F(b) +\mathcal{J}^{\sigma , \mathtt{k},g}_{\rho ,\lambda ,\frac{a+b}{2}{-};w}F(a) \bigr] - \bigl( \varphi _{\rho ,\lambda }^{\sigma ,\mathtt{k},g}(1)+\Phi_{\rho ,\lambda }^{ \sigma ,\mathtt{k},g}(1) \bigr) f \biggl( \frac{a+b}{2} \biggr) \\ &\quad = \frac{b-a}{4} \biggl[ \int_{0}^{1} \bigl( \varphi_{\rho ,\lambda }^{ \sigma ,\mathtt{k},g}(s) +\Phi_{\rho ,\lambda }^{\sigma ,\mathtt{k},g}(s) \bigr) f {'} \biggl( \frac{s}{2}a+\frac{2-s}{2}b \biggr) \,ds \\ &\qquad {} - \int_{0}^{1} \bigl( \varphi_{\rho ,\lambda }^{\sigma , \mathtt{k},g}(s) +\Phi_{\rho ,\lambda }^{\sigma ,\mathtt{k},g}(s) \bigr) f {'} \biggl( \frac{s}{2}b+\frac{2-s}{2}a \biggr) \,ds \biggr], \end{aligned} $$\end{document}$$ *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi_{\rho ,\lambda }^{\sigma ,\mathtt{k},g}(s)$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Phi_{\rho ,\lambda }^{\sigma ,\mathtt{k},g}(s)$\end{document}$ *are given as in* ([31](#Equ31){ref-type=""}) *and* ([32](#Equ32){ref-type=""}).

Proof {#FPar8}
-----

Using ([20](#Equ20){ref-type=""}) and changing the variable $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ t=\frac{s}{2}a+\frac{2-s}{2}b \quad (0\leq s \leq 1), $$\end{document}$$ we find $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] \mathcal{J}^{\sigma ,\mathtt{k},g}_{\rho ,\lambda ,\frac{a+b}{2} {+};w }F(b)={}& \frac{b-a}{2} \int_{0}^{1}\frac{g{'} ( \frac{s}{2}a+ \frac{2-s}{2}b ) }{ [ g(b)-g ( \frac{s}{2}a+\frac{2-s}{2}b ) ] ^{1-\frac{\lambda }{\mathtt{k}}}} \\ & {} \times \mathcal{F}_{\rho ,\lambda }^{\sigma ,\mathtt{k}} \biggl[ w \biggl( g(b)-g \biggl( \frac{s}{2}a+\frac{2-s}{2}b \biggr) \biggr) ^{\rho } \biggr] F \biggl( \frac{s}{2}a+ \frac{2-s}{2}b \biggr) \,ds. \end{aligned} $$\end{document}$$ Integrating ([47](#Equ47){ref-type=""}) by parts, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \begin{aligned}[b] &\mathcal{J}^{\sigma ,\mathtt{\mathtt{k}},g}_{\rho ,\lambda , \frac{a+b}{2}{+};w }F(b)\\ &\quad = \mathtt{k} \biggl[ g(b)-g \biggl(\frac{a+b}{2} \biggr) \biggr] ^{\frac{\lambda }{\mathtt{k}}} \mathcal{F}_{\rho ,\lambda +\mathtt{k}} ^{\sigma ,\mathtt{k}} \biggl[ w \biggl( g(b)-g \biggl( \frac{a+b}{2} \biggr) \biggr) ^{\rho } \biggr] F \biggl( \frac{a+b}{2} \biggr) \\ &\qquad {} +\frac{b-a}{2} \mathtt{k} \int_{0}^{1} \biggl[ g(b)-g \biggl( \frac{s}{2}a+\frac{2-s}{2}b \biggr) \biggr] ^{\frac{\lambda }{\mathtt{k}}} \mathcal{F}_{\rho ,\lambda +\mathtt{k}} ^{\sigma ,\mathtt{k}} \biggl[ w \biggl( g(b)-g \biggl( \frac{s}{2}a+ \frac{2-s}{2}b \biggr) \biggr) ^{\rho } \biggr] \\ & \qquad {} \times F{'} \biggl( \frac{s}{2}a+ \frac{2-s}{2}b \biggr) \,ds. \end{aligned} \end{aligned}$$ \end{document}$$

Similarly, using ([21](#Equ21){ref-type=""}) and changing the variable $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ t=\frac{s}{2}b+\frac{2-s}{2}a \quad (0\leq s \leq 1), $$\end{document}$$ and integrating the resulting identity by parts, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \begin{aligned}[b] &\mathcal{J}^{\sigma ,\mathtt{k},g}_{\rho ,\lambda ,\frac{a+b}{2} {-};w}F(a)\\ &\quad = \mathtt{k} \biggl[ g \biggl( \frac{a+b}{2} \biggr) -g(a) \biggr] ^{\frac{\lambda }{\mathtt{k}}}\mathcal{F}_{\rho ,\lambda +\mathtt{k}} ^{\sigma ,\mathtt{k}} \biggl[ w \biggl( g \biggl( \frac{a+b}{2} \biggr) -g(a) \biggr) ^{\rho } \biggr] F \biggl( \frac{a+b}{2} \biggr) \\ &\qquad {} -\frac{b-a}{2} \mathtt{k} \int_{0}^{1} \biggl( g \biggl( \frac{s}{2}b+ \frac{2-s}{2}a \biggr) -g(a) \biggr) ^{\frac{\lambda }{\mathtt{k}}} \mathcal{F}_{\rho ,\lambda +\mathtt{k}} ^{\sigma ,\mathtt{k}} \biggl[ w \biggl( g \biggl( \frac{s}{2}b+ \frac{2-s}{2}a \biggr) -g(a) \biggr) ^{\rho } \biggr] \\ &\qquad {} \times F{'} \biggl( \frac{s}{2}b+ \frac{2-s}{2}a \biggr) \,ds. \end{aligned} \end{aligned}$$ \end{document}$$

Using ([28](#Equ28){ref-type=""}) to add ([48](#Equ48){ref-type=""}) and ([49](#Equ49){ref-type=""}), we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \begin{aligned}[b] & \frac{1}{2\mathtt{k}} \bigl[ \mathcal{J}^{\sigma ,\mathtt{\mathtt{k}},g} _{\rho ,\lambda ,\frac{a+b}{2}{+};w }F(b) + \mathcal{J}^{\sigma , \mathtt{k},g}_{\rho ,\lambda ,\frac{a+b}{2}{-};w}F(a) \bigr] \\ &\quad = \biggl[ g(b)-g \biggl(\frac{a+b}{2} \biggr) \biggr] ^{\frac{\lambda }{\mathtt{k}}} \mathcal{F}_{\rho ,\lambda +\mathtt{k}}^{\sigma ,\mathtt{k}} \biggl[ w \biggl( g(b)-g \biggl( \frac{a+b}{2} \biggr) \biggr) ^{\rho } \biggr] f \biggl( \frac{a+b}{2} \biggr) \\ &\qquad {}+ \biggl[ g \biggl( \frac{a+b}{2} \biggr) -g(a) \biggr] ^{\frac{\lambda }{ \mathtt{k}}} \mathcal{F}_{\rho ,\lambda +\mathtt{k}}^{\sigma , \mathtt{k}} \biggl[ w \biggl( g \biggl( \frac{a+b}{2} \biggr) -g(a) \biggr) ^{ \rho } \biggr] f \biggl( \frac{a+b}{2} \biggr) \\ &\qquad {} +\frac{b-a}{4} \int_{0} ^{1} \biggl[ g(b)-g \biggl( \frac{s}{2}a+\frac{2-s}{2}b \biggr) \biggr] ^{\frac{ \lambda }{\mathtt{k}}} \mathcal{F}_{\rho ,\lambda +\mathtt{k}}^{ \sigma ,\mathtt{k}} \biggl[ w \biggl( g(b)-g \biggl( \frac{s}{2}a+ \frac{2-s}{2}b \biggr) \biggr) ^{\rho } \biggr] \\ & \qquad {} \times F{'} \biggl( \frac{s}{2}a+ \frac{2-s}{2}b \biggr) \,ds \\ &\qquad {}-\frac{b-a}{4} \int_{0}^{1} \biggl( g \biggl( \frac{s}{2}b+ \frac{2-s}{2}a \biggr) -g(a) \biggr) ^{\frac{\lambda }{\mathtt{k}}} \mathcal{F}_{\rho ,\lambda +\mathtt{k}} ^{\sigma ,\mathtt{k}} \biggl[ w \biggl( g \biggl( \frac{s}{2}b+ \frac{2-s}{2}a \biggr) -g(a) \biggr) ^{\rho } \biggr] \\ & \qquad {} \times F{'} \biggl( \frac{s}{2}b+ \frac{2-s}{2}a \biggr) \,ds. \end{aligned} \end{aligned}$$ \end{document}$$ Considering $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F{'}(x)=f{'}(x)-f{'}(a+b-x)$\end{document}$ and applying ([31](#Equ31){ref-type=""})-([34](#Equ34){ref-type=""}) to ([50](#Equ50){ref-type=""}), we obtain the desired identity ([46](#Equ46){ref-type=""}). □

Setting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathtt{k}=1$\end{document}$ in Lemma [2](#FPar7){ref-type="sec"}, we obtain an identity asserted by the following corollary.

Corollary 3 {#FPar9}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho ,\lambda \in \mathbb{R}^{+}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$w \in \mathbb{R}$\end{document}$, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sigma (m) \in \mathbb{R}^{+}$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$( m\in \mathbb{N}_{0} ) $\end{document}$ *be a bounded sequence*. *Also*, *let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g :[a,b]\to \mathbb{R}$\end{document}$ *be an increasing and positive function on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[a,b]$\end{document}$ *having a continuous derivative* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g{'}(x)$\end{document}$ *on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(a,b)$\end{document}$. *Further*, *let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f :[a,b]\to \mathbb{R}$\end{document}$ *be a differentiable mapping on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(a,b)$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(a< b)$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f' \in L[a,b]$\end{document}$. *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] & \mathcal{J}^{\sigma ,1,g}_{\rho ,\lambda ,\frac{a+b}{2}{+};w }F(b) + \mathcal{J}^{\sigma ,1,g}_{\rho ,\lambda ,\frac{a+b}{2}{-};w}F(a) -2 \bigl( \varphi_{\rho ,\lambda }^{\sigma ,1,g}(1)+ \Phi_{\rho ,\lambda }^{\sigma ,1,g}(1) \bigr) f \biggl( \frac{a+b}{2} \biggr) \\ & \quad =\frac{b-a}{2} \biggl[ \int_{0}^{1} \bigl( \varphi_{\rho , \lambda }^{\sigma ,1,g}(s) +\Phi_{\rho ,\lambda }^{\sigma ,1,g}(s) \bigr) f {'} \biggl( \frac{s}{2}a+\frac{2-s}{2}b \biggr) \,ds \\ & \qquad {} - \int_{0}^{1} \bigl( \varphi_{\rho ,\lambda }^{\sigma ,1,g}(s) +\Phi_{\rho ,\lambda }^{\sigma ,1,g}(s) \bigr) f{'} \biggl( \frac{s}{2}b+ \frac{2-s}{2}a \biggr) \,ds \biggr], \end{aligned} $$\end{document}$$ *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi_{\rho ,\lambda }^{\sigma ,1,g}(s)$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Phi_{\rho ,\lambda }^{\sigma ,1,g}(s)$\end{document}$ *are given as in* ([31](#Equ31){ref-type=""}) *and* ([32](#Equ32){ref-type=""}).

Choosing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathtt{k}=1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda =\alpha $\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sigma (0)=1$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$w=0$\end{document}$ in Lemma [2](#FPar7){ref-type="sec"} yields an interesting identity asserted by the following corollary.

Corollary 4 {#FPar10}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha \in \mathbb{C}$\end{document}$ *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Re (\alpha )>1$\end{document}$. *Also*, *let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g :[a,b]\to \mathbb{R}$\end{document}$ *be an increasing and positive function on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[a,b]$\end{document}$ *having a continuous derivative* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g{'}(x)$\end{document}$ *on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(a,b)$\end{document}$. *Further*, *let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f :[a,b]\to \mathbb{R}$\end{document}$ *be a differentiable mapping on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(a,b)$\end{document}$ $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(a< b)$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f' \in L[a,b]$\end{document}$. *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] &\frac{\Gamma (\alpha +1)}{2} \bigl[ \mathcal{I}_{\frac{a+b}{2}{+};g} ^{\alpha }F(b)+\mathcal{I}_{\frac{a+b}{2}{-};g}^{\alpha }F(a) \bigr] \\ & \qquad {}- \biggl( \biggl[ g(b)-g \biggl( \frac{a+b}{2} \biggr) \biggr] ^{\alpha } + \biggl[ g \biggl( \frac{a+b}{2} \biggr) -g(a) \biggr] ^{\alpha } \biggr)f \biggl( \frac{a+b}{2} \biggr) \\ &\quad =\frac{b-a}{4} \biggl\{ \int_{0}^{1} \biggl( \biggl[ g(b)-g \biggl( \frac{s}{2}a+\frac{2-s}{2}b \biggr) \biggr] ^{\alpha } + \biggl[ \biggl( g \biggl( \frac{s}{2}b+\frac{2-s}{2}a \biggr) -g(a) \biggr) \biggr] ^{\alpha } \biggr) \\ & \qquad {} \times f{'} \biggl( \frac{s}{2}a+ \frac{2-s}{2}b \biggr) \,ds \\ & \qquad {}- \int_{0}^{1} \biggl( \biggl[ g(b)-g \biggl( \frac{s}{2}a+ \frac{2-s}{2}b \biggr) \biggr] ^{\alpha } + \biggl[ \biggl( g \biggl( \frac{s}{2}b+ \frac{2-s}{2}a \biggr) -g(a) \biggr) \biggr] ^{\alpha } \biggr) \\ & \qquad {} \times f{'} \biggl( \frac{s}{2}b+ \frac{2-s}{2}a \biggr) \, ds \biggr\} , \end{aligned} $$\end{document}$$ *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{I}_{a+;g}^{\alpha }f(x)$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{I}_{b-;g}^{ \alpha }f(x)$\end{document}$ *are given in* ([14](#Equ14){ref-type=""}) *and* ([15](#Equ15){ref-type=""}).

Remark 1 {#FPar11}
--------
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Theorem 3 {#FPar12}
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Proof {#FPar13}
-----
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                \begin{document}$$ \begin{aligned}[b] \vert \mathcal{L}\vert \leq{}& \frac{b-a}{4}\sum_{m=0}^{\infty } \frac{\sigma (m) w^{m}}{\mathtt{k} \Gamma_{\mathtt{k}}(\rho m \mathtt{k}+\lambda + \mathtt{k})} \\ & {} \times \biggl\{ \int_{0}^{1} \biggl[ g(b)-g \biggl( \frac{s}{2}a+ \frac{2-s}{2}b \biggr) \biggr] ^{\frac{\lambda }{\mathtt{k}}+\rho m} \biggl( \frac{s}{2} \bigl\vert f{'}(a) \bigr\vert + \frac{2-s}{2} \bigl\vert f{'}(b) \bigr\vert \biggr)\,ds \\ & {}+ \int_{0}^{1} \biggl[ g(b)-g \biggl( \frac{s}{2}a+\frac{2-s}{2}b \biggr) \biggr] ^{\frac{\lambda }{\mathtt{k}}+\rho m} \biggl( \frac{s}{2} \bigl\vert f{'}(b) \bigr\vert + \frac{2-s}{2} \bigl\vert f{'}(a) \bigr\vert \biggr)\,ds \\ & {}+ \int_{0}^{1} \biggl( g \biggl( \frac{s}{2}b+ \frac{2-s}{2}a \biggr) -g(a) \biggr) ^{\frac{\lambda }{\mathtt{k}}+\rho m} \biggl( \frac{s}{2} \bigl\vert f{'}(b) \bigr\vert + \frac{2-s}{2} \bigl\vert f{'}(a) \bigr\vert \biggr)\,ds \\ & {}+ \int_{0}^{1} \biggl( g \biggl( \frac{s}{2}b+ \frac{2-s}{2}a \biggr) -g(a) \biggr) ^{\frac{\lambda }{\mathtt{k}}+\rho m} \biggl( \frac{s}{2} \bigl\vert f{'}(a) \bigr\vert + \frac{2-s}{2} \bigl\vert f{'}(b) \bigr\vert \biggr)\,ds \biggr\} . \end{aligned} $$\end{document}$$ Since $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] \vert \mathcal{L}\vert \leq{}& \frac{b-a}{4} \bigl( \bigl\vert f{'}(a) \bigr\vert + \bigl\vert f{'}(b) \bigr\vert \bigr) \sum_{m=0}^{\infty } \frac{\sigma (m)w^{m}}{\mathtt{k} \Gamma_{\mathtt{k}}(\rho m \mathtt{k}+\lambda +\mathtt{k})} \\ &{}\times \int_{0}^{1} \biggl[ \biggl( g(b)-g \biggl( \frac{s}{2}a+\frac{2-s}{2}b \biggr) \biggr) ^{\frac{\lambda }{\mathtt{k}}+\rho m} + \biggl( g \biggl( \frac{s}{2}b+ \frac{2-s}{2}a \biggr) -g(a) \biggr) ^{\frac{\lambda }{\mathtt{k}}+\rho m} \biggr] \,ds \\ ={}&\frac{b-a}{4} \bigl( \bigl\vert f^{\prime}(a) \bigr\vert + \bigl\vert f^{\prime}(b) \bigr\vert \bigr) \sum _{m=0} ^{\infty }\frac{w^{m}}{\mathtt{k} \Gamma_{\mathtt{k}}(\rho m \mathtt{k}+\lambda +\mathtt{k})} \sigma (m) \int_{0}^{1} \bigl( \Delta_{ \rho ,\lambda ,m}^{\sigma ,\mathtt{k},g}(s) +\Omega_{\rho ,\lambda ,m} ^{\sigma ,\mathtt{k},g}(s) \bigr)\,ds \\ ={}&\frac{b-a}{4} \bigl( \bigl\vert f^{\prime}(a) \bigr\vert + \bigl\vert f ^{\prime}(b) \bigr\vert \bigr) \mathcal{F}_{\rho ,\lambda +\mathtt{k}}^{\sigma_{1}, \mathtt{k}} [w]. \end{aligned} $$\end{document}$$ This completes the proof. □
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Corollary 5 {#FPar14}
-----------
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Theorem 4 {#FPar16}
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Corollary 6 {#FPar18}
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Remark 3 {#FPar19}
--------
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Proof {#FPar21}
-----
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                \begin{document} $$\begin{aligned}& \begin{aligned}[b] \mathcal{R}_{1}:= {}& \biggl\{ \bigl\vert f{'}(a) \bigr\vert ^{q} \int_{0}^{1} \biggl[ g(b)-g \biggl( \frac{s}{2}a+ \frac{2-s}{2}b \biggr) \biggr] ^{\frac{\lambda }{\mathtt{k}}+\rho m} \frac{s}{2}\,ds \\ & {} + \bigl\vert f{'}(b) \bigr\vert ^{q} \int_{0}^{1} \biggl[ g(b)-g \biggl( \frac{s}{2}a+ \frac{2-s}{2}b \biggr) \biggr] ^{\frac{\lambda }{\mathtt{k}}+\rho m} \frac{2-s}{2}\,ds \biggr\} ^{\frac{1}{q}}, \end{aligned} \\& \begin{aligned}[b] \mathcal{R}_{2}:= {}& \biggl\{ \bigl\vert f{'}(b) \bigr\vert ^{q} \int_{0}^{1} \biggl[ g(b)-g \biggl( \frac{s}{2}a+ \frac{2-s}{2}b \biggr) \biggr] ^{\frac{\lambda }{\mathtt{k}}+\rho m} \frac{s}{2}\,ds \\ & {} + \bigl\vert f{'}(a) \bigr\vert ^{q} \int_{0}^{1} \biggl[ g(b)-g \biggl( \frac{s}{2}a+ \frac{2-s}{2}b \biggr) \biggr] ^{\frac{\lambda }{\mathtt{k}}+\rho m} \frac{2-s}{2}\,ds \biggr\} ^{\frac{1}{q}}, \end{aligned} \\& \begin{aligned}[b] \mathcal{R}_{3}:= {}& \biggl\{ \bigl\vert f{'}(a) \bigr\vert ^{q} \int_{0}^{1} \biggl[ g \biggl( \frac{s}{2}b+ \frac{2-s}{2}a \biggr) - g(a) \biggr] ^{\frac{\lambda }{\mathtt{k}}+ \rho m} \frac{s}{2}\,ds \\ & {} + \bigl\vert f{'}(b) \bigr\vert ^{q} \int_{0}^{1} \biggl[ g \biggl( \frac{s}{2}b+ \frac{2-s}{2}a \biggr) - g(a) \biggr] ^{\frac{\lambda }{\mathtt{k}}+ \rho m} \frac{2-s}{2}\,ds \biggr\} ^{\frac{1}{q}}, \end{aligned} \\& \begin{aligned}[b] \mathcal{R}_{4}:={} & \biggl\{ \bigl\vert f{'}(b) \bigr\vert ^{q} \int_{0}^{1} \biggl[ g \biggl( \frac{s}{2}b+ \frac{2-s}{2}a \biggr) - g(a) \biggr] ^{\frac{\lambda }{\mathtt{k}}+ \rho m} \frac{s}{2}\,ds \\ & {} + \bigl\vert f{'}(a) \bigr\vert ^{q} \int_{0}^{1} \biggl[ g \biggl( \frac{s}{2}b+ \frac{2-s}{2}a \biggr) - g(a) \biggr] ^{\frac{\lambda }{\mathtt{k}}+ \rho m} \frac{2-s}{2}\,ds \biggr\} ^{\frac{1}{q}}. \end{aligned} \end{aligned}$$ \end{document}$$ We, therefore, have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \vert \mathcal{L}\vert \leq &\frac{b-a}{4}\sum _{m=0}^{\infty }\frac{\sigma (m)\vert w\vert ^{m}}{ \mathtt{k} \Gamma_{\mathtt{k}}(\rho m \mathtt{k}+\lambda +\mathtt{k})} \biggl( \int_{0}^{1}\Delta_{\rho ,\lambda ,m}^{\sigma ,\mathtt{k},g}(s) \biggr)^{1-\frac{1}{q}} \\ &{}\times \biggl\{ \biggl[ \bigl\vert f{'}(a) \bigr\vert ^{q} \int_{0}^{1}\Delta_{\rho ,\lambda ,m}^{\sigma ,\mathtt{k},g}(s) \frac{s}{2}\,ds + \bigl\vert f{'}(b) \bigr\vert ^{q} \int_{0} ^{1}\Delta_{\rho ,\lambda ,m}^{\sigma ,\mathtt{k},g}(s) \frac{2-s}{2}\,ds \biggr]^{\frac{1}{q}} \\ &{}+ \biggl[ \bigl\vert f{'}(b) \bigr\vert ^{q} \int_{0}^{1}\Delta_{\rho ,\lambda ,m}^{\sigma ,\mathtt{k},g}(s) \frac{s}{2}\,ds + \bigl\vert f{'}(a) \bigr\vert ^{q} \int_{0}^{1} \Delta_{\rho ,\lambda ,m}^{\sigma ,\mathtt{k},g}(s) \frac{2-s}{2}\,ds \biggr]^{\frac{1}{q}} \biggr\} \\ &{}+\frac{b-a}{4}\sum_{m=0}^{\infty } \frac{\sigma (m)\vert w\vert ^{m}}{ \mathtt{k} \Gamma_{\mathtt{k}}(\rho m \mathtt{k}+\lambda +\mathtt{k})} \biggl( \int_{0}^{1}\Omega_{\rho ,\lambda ,m}^{\sigma ,\mathtt{k},g}(s) \biggr)^{1-\frac{1}{q}} \\ &{}\times \biggl\{ \biggl[ \bigl\vert f{'}(a) \bigr\vert ^{q} \int_{0}^{1}\Omega_{\rho ,\lambda ,m}^{\sigma ,\mathtt{k},g}(s) \frac{s}{2}\,ds + \bigl\vert f{'}(b) \bigr\vert ^{q} \int_{0}^{1} \Omega_{\rho ,\lambda ,m}^{\sigma ,\mathtt{k},g}(s) \frac{2-s}{2} \biggr]^{\frac{1}{q}} \\ &{}+ \biggl[ \bigl\vert f{'}(b) \bigr\vert ^{q} \int_{0}^{1}\Omega_{\rho ,\lambda ,m}^{\sigma , \mathtt{k},g}(s) \frac{s}{2}\,ds + \bigl\vert f{'}(a) \bigr\vert ^{q} \int_{0}^{1} \Omega_{\rho ,\lambda ,m}^{\sigma ,\mathtt{k},g}(s) \frac{2-s}{2}\,ds \biggr]^{\frac{1}{q}} \biggr\} \\ =&\frac{b-a}{4} \bigl[ \mathcal{F}_{\rho ,\lambda +\mathtt{k}}^{\sigma _{3},\mathtt{k}} [w]+ \mathcal{F}_{\rho ,\lambda +\mathtt{k}}^{\sigma _{4},\mathtt{k}} [w] \bigr] . \end{aligned}$$ \end{document}$$ Finally, we get $$\documentclass[12pt]{minimal}
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Remark 4 {#FPar22}
--------
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                \begin{document}$w=0$\end{document}$ in Theorem [5](#FPar20){ref-type="sec"} gives the same result as in \[[@CR11]\], Theorem 5.
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